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UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are allowed. Student Name

. Find and simplify

5 4 3 2

675 13
Write your answer as a simple fraction where the numerator and denominator have
no common factors.

(2 pts) 1.
. A class has 22 students. Every student in the class has a dog, a cat, or both a cat
and a dog. If 18 students have a dog (with or without a cat), and 9 students have
a cat (with or without a dog), how many students have both a cat and a dog?
(3 pts) 2.
. A right triangle has one leg exactly twice as long as the other leg. If the area
of the triangle is 25 square centimeters, what is the length of the hypotenuse (in
centimeters)? Write your answer to two decimal places.
(3 pts) 3.
. A recipe calls for 1% cups of sugar and 4 cups of flour. If we increase the recipe to
use 2% cups of sugar, how many cups of flour should we use? Write your answer as
a mixed number where the numerator and the denominator of the fraction have no
common factors.
(3 pts) 4.
. What is the largest prime factor of 20237
(3 pts) 5.
. Four students take a quiz. The highest score is 10, and the lowest is 2. If the mean
(average) score is 7, what is the median score?
(3 pts) 6.
. A rectangular prism is 8 cm long, 4 cm wide, and 3 cm high. What is the total area
(in square cm) of all of the faces of the prism?
(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET

INDIVIDUAL TEST #1

University of North Dakota Grades 7/8
December 19, 2023
School Team Name
Calculators are allowed. Key Student Name
. Find and simplify
5 n 4 3 2
6 5 4 3
Write your answer as a simple fraction where the numerator and denominator have
no common factors.
13
2 pts) 1. —
(2 pts) 60
. A class has 22 students. Every student in the class has a dog, a cat, or both a cat
and a dog. If 18 students have a dog (with or without a cat), and 9 students have
a cat (with or without a dog), how many students have both a cat and a dog?
(3 pts) 2. 5
. A right triangle has one leg exactly twice as long as the other leg. If the area
of the triangle is 25 square centimeters, what is the length of the hypotenuse (in
centimeters)? Write your answer to two decimal places.
(3 pts) 3. __11.18
. A recipe calls for 1% cups of sugar and 4 cups of flour. If we increase the recipe to
use 2% cups of sugar, how many cups of flour should we use? Write your answer as
a mixed number where the numerator and the denominator of the fraction have no
common factors.
2
. What is the largest prime factor of 20237
(3 pts) 5. 17
. Four students take a quiz. The highest score is 10, and the lowest is 2. If the mean
(average) score is 7, what is the median score?
(3 pts) 6. 8
. A rectangular prism is 8 cm long, 4 cm wide, and 3 cm high. What is the total area
(in square cm) of all of the faces of the prism?
(3 pts) 7. 136



FORKS AREA MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are allowed. Student Name

Find and simplify

. . . 13
Write your answer as a simple fraction where the numerator and p

denominator have no common factors. (2pts) 1.

4 3 2 50+48-45-40 13
5 4 3 60 T 60

A class has 22 students. Every student in the class has a dog, a cat, or both

a cat and a dog. If 18 students have a dog (with or without a cat), and 9

students have a cat (with or without a dog), how many students have both

a cat and a dog? (3pts) 2. 5

If 22 students have a pet, and 18 have a dog, 4 must only have a cat. If 9 have
a cat at all, 5 must have both.

A right triangle has one leg exactly twice as long as the other leg. If the
area of the triangle is 25 square centimeters, what is the length of the
hypotenuse (in centimeters)? Write your answer to two decimal places. (Bpts) 3. 11.18

Let the legs have lengths a and 2a. Then the area must be % X aX2a=a?

Since a? = 25, @ = 5 and the lengths of the legs are 5 cm and 10 cm.
So the length of the hypotenuse must be v52 + 102 = V125 = 11.18.

A recipe calls for 1 % cups of sugar and 4 cups of flour. If we increase
the recipe to use 2% cups of sugar, how many cups of flour should

we use? Write your answer as a mixed number where the numerator 6

wWIN

and the denominator of the fraction have no common factors. (3pts) 4.

5/2_x_ _20_
32 4 Y737 °3

What is the largest prime factor of 2023? (3pts) 5. 17
The usual tests show that 2023 is not divisible by 2, 3, or 5. However, a
calculator can show that 2023/7 = 289. We might remember that 289 = 17?

or we might need to keep checking potential prime factors of 289 to discover
this. Either way, 2023 =7 x 17 x 17 and 17 is the largest prime factor of 2023.




Four students take a quiz. The highest score is 10, and the lowest is 2.
If the mean (average) score is 7, what is the median score? (3pts) 6. 8

Since the mean is 7, the total must be 7x4 = 28. Subtracting 10 and 2, the
middle two values must sum to 16. They could be 10 and 6, 9 and 7, or 8 and 8,
but no matter what, their average, and the median for the whole set, must be 8.

A rectangular prism is 8 cm long, 4 cm wide, and 3 cm high. What is
the total area (in square cm) of all of the faces of the prism? (3pts) 7. 136

There are 2 faces which are rectangles with sides of lengths equal to each
pair of lengths. That is, 2 that are 8 cm by 4 cm, 2 that are 8 cm by 3 cm,
and 2 that are 4 cm by 3 cm. So the total surface area is
2x8x4+2x8x3+2x4x3=136cm’.

mm TOTAL POINTS




UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #2
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are NOT allowed. Student Name

. Tom dug a circular quarry in his sandbox that is 8 inches in diameter and 4 inches
deep. Callie also dug a circular quarry that is 7 inches in diameter and 5 inches
deep. Whose quarry will hold the most water? Tom or Callie?

(2 pts) 1.
. Evaluate the expression: 3 + 32-3/949=3
(3 pts) 2.
. Find all solutions for z:
2 —dr=-2—x
(3 pts) 3.
. Given values a and b on a real number line, which expression will always give the
distance between a and b ?
Ala—b B.b—a C. |la— b D. |a+b|
(3 pts) 4.
. Find the solution to the system of equations and put them in (z,y) form. Simplify
answers if possible.
—4x + 2y = -5
8r+y=>5
(3 pts) 5.
. Factor completely: z* — 16922
(3 pts) 6.
. Simplify the expression with no negative exponents.
—3a*b~%¢
18a—2b7c5
(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #2
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are NOT allowed. Key Student Name

. Tom dug a circular quarry in his sandbox that is 8 inches in diameter and 4 inches
deep. Callie also dug a circular quarry that is 7 inches in diameter and 5 inches
deep. Whose quarry will hold the most water? Tom or Callie?

(2 pts) 1. _ Tom

. Evaluate the expression: 3+ 32 —3y/9+9+3
(3 pts) 2. 6

. Find all solutions for z:

¥ —dr=-2—=z
(3pts) 3. z=1,2

. Given values a and b on a real number line, which expression will always give the
distance between a and b ?

Ala—b B.b—a C. |la— b D. |a+b|
(3 pts) 4. C.

. Find the solution to the system of equations and put them in (z,y) form. Simplify
answers if possible.

—4xr +2y =-5
8r+y=>5

(3 pts) 5. (i _1)

(3 pts) 6. 22 (x+13)(2—13)

. Factor completely: z* — 16922

. Simplify the expression with no negative exponents.

—3a*bb¢
18a—2b7¢5
—a



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #3
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are allowed. Student Name

. Evaluate the following expression as a decimal to the nearest thousandth.

34+4x5+21+ 41

923+4-+2
(2 pts) 1.
. Jack and Jill start running laps of the school track (in the same direction) when
the school clock shows the time as 3:00:00 PM. Jack takes 2 minute and 45 seconds
to run each lap and Jill takes 3 minutes and 15 seconds. They run until the first
time that they reach the starting line at exactly the same time. What time does
the school clock show when they stop?
(3 pts) 2.
. The rectangle in the figure below has an area of 32 cm?. What is the area in cm?
of the shaded region inside the rectangle and exterior to the circles?
(3 pts) 3.
. Two six-sided dice are rolled. What is the probability that the product of the two
numbers is a perfect square?
(3 pts) 4.
. If you add all the dates of the Sundays in a month and the total is 75, what day of
the week is the 17th day of the month?
(3 pts) 5.
. Find the set of all x for which (z +1)* — 5(z +1)2 +4 = 0.
(3 pts) 6.
. Jay wants to buy a phone which has a regular price of $449. If Jay lives in a
city with 5% sales tax and has saved up $420, what is the smallest whole number
percentage discount on the phone which will allow Jay to buy the phone?
(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET

. If you add all the dates of the Sundays in a month and the total is 75, what day of
the week is the 17th day of the month?

. Find the set of all x for which (z +1)* = 5(z +1)2 +4 = 0.

. Jay wants to buy a phone which has a regular price of $449. If Jay lives in a
city with 5% sales tax and has saved up $420, what is the smallest whole number
percentage discount on the phone which will allow Jay to buy the phone?

INDIVIDUAL TEST #3

(3 pts) 5.

(3 pts) 6.

(3 pts) 7.

University of North Dakota Grades 7/8
December 19, 2023
School Team Name
Calculators are allowed. Key Student Name
. Evaluate the following expression as a decimal to the nearest thousandth.
3+4x5+211 41
923+4-+2
(2 pts) 1. _0.875
. Jack and Jill start running laps of the school track (in the same direction) when
the school clock shows the time as 3:00:00 PM. Jack takes 2 minute and 45 seconds
to run each lap and Jill takes 3 minutes and 15 seconds. They run until the first
time that they reach the starting line at exactly the same time. What time does
the school clock show when they stop?
(3 pts) 2. 3:35:45 PM
. The rectangle in the figure below has an area of 32 cm?. What is the area in cm?
of the shaded region inside the rectangle and exterior to the circles?
(3 pts) 3. 32—87w =~ 6.87
. Two six-sided dice are rolled. What is the probability that the product of the two
numbers is a perfect square?
2
(3 pts) 4. gor 0.22 or 22%

Tuesday

{_37 _2a 0) 1}

11



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #3
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are allowed. Solutions Student Name

. Evaluate the following expression as a decimal to the nearest thousandth.

34+4x5+21+ 41
23+4+2

(2 pts) 1. _0.875
Solution:

34+4x54+2H 41 28
S3Ta=3 =3 = 0.875

. Jack and Jill start running laps of the school track (in the same direction) when
the school clock shows the time as 3:00:00 PM. Jack takes 2 minute and 45 seconds
to run each lap and Jill takes 3 minutes and 15 seconds. They run until the first
time that they reach the starting line at exactly the same time. What time does
the school clock show when they stop?

(3 pts) 2. 3:35:45 PM
Solution: The LCM of the lap times, 165 seconds and 195 seconds, is 2145 which

is 35 minutes 45 seconds. Therefore the time on the clock will be |3 : 35 : 45 PM

when they reach start line together.
. The rectangle in the figure below has an area of 32 cm?. What is the area in cm?

of the shaded region inside the rectangle and exterior to the circles?

r Y
h A 4

(3 pts) 3. 32—87 ~ 6.87

Solution: The length of rectangle is 4r where r is the radius of each circle. The
width of the rectangle is 2r. Therefore 872 = 32 or » = 2. The area inside the

rectangle but outside the circles is given by 32 — 27(2)? =|32 — 87 = 6.87|.

. Two six-sided dice are rolled. What is the probability that the product of the two
numbers is a perfect square?

2
(3 pts) 4. g o 0.22 or 22%

Solution: The possibilities for the product of two numbers being a perfect square
are (1,1),(2,2),(3,3),(4,4), (5,5),(6,6),(1,4),(4,1). Therefore the probability is

%: S:O.Q or.




5. If you add all the dates of the Sundays in a month and the total is 75, what day of
the week is the 17th day of the month?
(3 pts) 5. Tuesday
Solution: The only possibility for the dates a week apart to add up to 75 is if the

day of the week lies on the dates {1,8,15,22,29}. Therefore the 15th of the month
is Sunday which makes the 17th a Tuesday.

6. Find the set of all x for which (z + 1)* — 5(x +1)2 +4 = 0.
(3 pts) 6. {—3,-2,0,1}

Solution: Let u = (z +1)? then u? —5u+4=0= (u—4)(u—1)=0=u=1or
4. So, z+1 =41 or z + 1 = +2 which gives x = 0, —2 or = 1, —3. Therefore the

set of solutions is | {—3,—-2,0,1}

7. Jay wants to buy a phone which has a regular price of $449. If Jay lives in a
city with 5% sales tax and has saved up $420, what is the smallest whole number
percentage discount on the phone which will allow Jay to buy the phone?

(3 pts) 7. 11
Solution: Accounting for tax, the highest price phone Jay can buy is 420/(1.05) =

400. Therefore, the discount should be at least $49 which is 49/449 = 10.91% or
11%.



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name
Calculators are NOT allowed. Student Name
. Evaluate

143 —4% — (=8)| + 23+ (=5)?

. A math club at Oxford High School consists of only ninth-grade and tenth-grade
3
students. If — of the students in the math club are from ninth grade and there

are 60 more tenth-grade students than ninth-grade students, how many tenth-grade
students are there in the math club?

. Two standard six-sided dice are thrown, and the dice are considered fair. What is
the probability that the sum of the two numbers facing up is at least 117

. How many gallons of paint would be needed to paint the sides of an uncovered tank
that is 100 feet long, 25 feet wide and 15 feet high if one gallon of paint will cover
200 square feet?

. A factory makes pizza boxes using 8 cutting machines. Each machine cuts 12 boxes

every 1 minute. How many boxes can all 8 machines cut in one minute?

. Find the a-intercept(s) for
fl@)=(z-3)*-9

. Simplify the expression

—(=3)* +2% + 273 + (—365)°

INDIVIDUAL TEST #4

Grades 7/8

(2 pts) 1.

(3 pts) 2.

(3 pts) 3.

(3 pts) 4.

(3 pts) 5.

(3 pts) 6.

(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #4
University of North Dakota Grades 7/8
December 19, 2023

School Team Name
Calculators are NOT allowed. Key Student Name
. Evaluate

143 —4% — (=8)| + 23+ (=5)?
(2 pts) 1. __ 81

. A math club at Oxford High School consists of only ninth-grade and tenth-grade
3
students. If — of the students in the math club are from ninth grade and there

are 60 more tenth-grade students than ninth-grade students, how many tenth-grade
students are there in the math club?

(3 pts) 2. __105

. Two standard six-sided dice are thrown, and the dice are considered fair. What is
the probability that the sum of the two numbers facing up is at least 117

(3pts) 3. —
. How many gallons of paint would be needed to paint the sides of an uncovered tank

that is 100 feet long, 25 feet wide and 15 feet high if one gallon of paint will cover
200 square feet?

(3 pts) 4. 18.75 gallons

. A factory makes pizza boxes using 8 cutting machines. Each machine cuts 12 boxes

every 1 minute. How many boxes can all 8 machines cut in one minute?
(3 pts) 5. 128 boxes

. Find the x-intercept(s) for
fl@)=(z—-3)*-9

(3 pts) 6. 0 and 6

. Simplify the expression

—(=3)2 4+ 2% + 273 4 (—365)°

1
3pts) 7. =
(3 pts) 5



10.

UND MATHEMATICS TRACK MEET TEAM TEST #1
University of North Dakota Grades 7/8
December 19, 2023

School Team Name

Calculators are allowed.

. A square is inscribed in a circle of radius 5. A smaller circle is inscribed in the

square. Find the area of the smaller circle.

(20 pts) 1.
The area of a triangle is 10. If the height of the triangle is twice the base, what is
the base?

(20 pts) 2.
Find positive numbers a and b with a?b = 2023 and ab® = 325.

(20 pts) 3.
In a class your grade is determined by the average of five exam scores. If the average
of your first three exams is 75%, what must the average of your last two exams be
to get an 83% in the class?

(20 pts) 4.
A bacterial culture doubles every 20 minutes. There are 1500 bacteria at noon.
How many bacteria will there be at 4 pm later that same day?

(20 pts) 5.
What is the greatest common divisor of 360 and 5257

(20 pts) 6.
Find the positive solution to 20—z — 9.8

(20 pts) 7.
Suppose the price of an item is increased by 15% and then later the new price is
decreased by 10%. Compared to the original price, what percentage increase does
the final price represent?

(20 pts) 8.
Solve the system of equations

3r+2y = 2024
Tr+5y = 2023

(20 pts) 9.
Suppose a and b are positive real numbers such that a4 b? = 53 and ab = 2. What
is |a — b|?

(20 pts) 10.

TOTAL POINTS



10.

UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Key

Calculators are allowed.

. A square is inscribed in a circle of radius 5. A smaller circle is inscribed in the

square. Find the area of the smaller circle.

The area of a triangle is 10. If the height of the triangle is twice the base, what is
the base?

Find positive numbers a and b with a?b = 2023 and ab® = 325.

. In a class your grade is determined by the average of five exam scores. If the average

of your first three exams is 75%, what must the average of your last two exams be
to get an 83% in the class?

A bacterial culture doubles every 20 minutes. There are 1500 bacteria at noon.
How many bacteria will there be at 4 pm later that same day?

What is the greatest common divisor of 360 and 5257
Find the positive solution to 2v’—e — 9.8,

Suppose the price of an item is increased by 15% and then later the new price is
decreased by 10%. Compared to the original price, what percentage increase does
the final price represent?

Solve the system of equations

3z + 2y
Tx + by

2024
2023

Suppose a and b are positive real numbers such that a4 b? = 53 and ab = 2. What
is |a — b|?

Team Name

TEAM TEST #1
Grades 7/8

(20 pts) 1. 25m/2 ~ 39.27

(20 pts) 2. V10 ~ 3.16

(20 pts) 3. b~ 3.74, a ~ 23.26

(20 pts) 4. _ 95%

(20 pts) 5. 6144000
(20 pts) 6. 15

(20 pts) 7. 245 ~ 4.24

(20 pts) 8. _3.5%

(20 pts) 9. = = 6074, y = —8099

(20 pts) 10. 7



December 2023 Math Track Meet 7-8 Team Test 1 (with calculator)
-AJB

1. A square is inscribed in a circle of radius 5. A smaller circle is inscribed in
the square. Find the area of the smaller circle.

[Sketch of solution: The smaller circle has radius 5v/2/2 by the Pythagorean theorem (or
knowledge of 45-45-90 triangles). So the area of the smaller circle is 257 /2 ~ 39.27.]

2. The area of a triangle is 10. If the height of the triangle is twice the base,
what is the base?

[Sketch: We have A = %bh and h = 2b. So solve 10 = %be to find b= v10 = 3.16.]

3. Find positive numbers a and b with a?b = 2023 and ab® = 325.
[Sketch: Since a/b = 2023/325, we have (2023/325)b% = 325 and so b ~ 3.74, a ~ 23.26.]

4. In a class your grade is determined by the average of five exam scores. If the
average of your first three exams is 75%, what must the average of your last
two exams be to get an 83% in the class?

[Sketch: If a, b, ¢ are the first three exam scores and d and e are the last two, we have
(a+b+c¢)/3="7and (a+b+c+d+e)/5 = 83. Solve to get d + e = 190, and so
(d+e)/2=095]

5. A bacterial culture doubles every 20 minutes. There are 1500 bacteria at
noon. How many bacteria will there be at 4 pm later that same day?

[Sketch: The population doubles 12 times between noon and 4 pm so the number of bacteria
at 4 pm is 1500 % 212 = 6144000.]

6. What is the greatest common divisor of 360 and 5257
[Sketch: We have 360 = 23 - 32 -5 and 525 = 3-52 - 7 so the GCD is 3 -5 = 15.]

7. Find the positive solution to 22°~% = 2. 8.

[Sketch: We have P 21432 and so 2 — & = 1 4+ 3x. The solutions are 2 + v/5. The
positive solution is 2 + /5 ~ 4.24.]



8.

10.

Suppose the price of an item is increased by 15% and then later the new
price is decreased by 10%. Compared to the original price, what percentage
increase does the final price represent?

[Sketch: If P is the original price, the final price is (.9)(1.15)P = (1.035)P. So the price
has increased by 3.5%.]

Solve the system of equations

3z + 2y
7T+ 5y

2024
2023

[Sketch: Use Gaussian elimination or substitution to find x = 6074, y = —8099.]

Suppose a and b are positive real numbers such that a? + b?> = 53 and ab = 2.
What is |a — b|?

[Sketch: Since (a — b)2 = a? + % — 2ab = 49 we have |a — b| = 7.]



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name

Calculators are NOT allowed.

. The average weight of five turkeys on a scale is 13 pounds. If a 7-pound turkey is
removed from the scale, what is the average weight of the four remaining turkeys?

. You used % can of paint to paint % of a wall. How many cans of paint are needed
to paint the whole wall?

. What is the area of a triangle with sides twice as long as those of a triangle with
an area of 50 square inches?

. If Sge represents the sum of all the factors of the number 66 and Sy represents the
sum of all of the factors of the number 70, then find the value of S7¢9 — Sge.

. The prize money at a raffle was given out as follows:

20 people received $5 1 person received $100
10 people received $10 1 person received $500
5 people received $20 1 person received $1000

2 people received $50

What is the difference between the mean cash prize and median cash prize?

. The surface area of a cube is 150 cm?. What is the volume of the cube?

. If you use the eight digits 1,2,3,4,5,6,7, and, 9 each once and only once to form
4 two-digit prime numbers, what will be the sum of the four prime numbers you
created?

A) 190 B) 253 C) 172 D) 235 E) None of
these

. If the ratio of the number of widgets X has to the number Z has is two to seven, and
their total number of widgets is 1908, how many more widgets does Z have than X?

A) 1050 B) 1060 C) 1484 D) 1030 E) None of
these

TEAM TEST #2

Grades 7/8

(20 pts) 1.

(20 pts) 2.

(20 pts) 3.

(20 pts) 4.

(20 pts) 5.

(20 pts) 6.

(20 pts) 7.



9.

10.

A rectangular solid (shoebox) has dimensions 4 high, 6 wide, and 7 deep. How long
is the diagonal through the interior of the solid?

A) V98 B) V102 C) V85 D) V101 E) None of

these

Two cars leave at the same time from the same starting point traveling “down and
back.” Car A goes 60 mph for 2 hours then returns on the same road going 40 mph.
At what constant speed, in mph, would car B need to travel to finish the course at
the same time as car A?

TOTAL POINTS

(20 pts) 8.

(20 pts) 9.

(20 pts) 10.



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Key

Calculators are NOT allowed.

. The average weight of five turkeys on a scale is 13 pounds. If a 7-pound turkey is
removed from the scale, what is the average weight of the four remaining turkeys?

. You used % can of paint to paint % of a wall. How many cans of paint are needed
to paint the whole wall?

. What is the area of a triangle with sides twice as long as those of a triangle with
an area of 50 square inches?

. If Sgg represents the sum of all the factors of the number 66 and Sy represents the
sum of all of the factors of the number 70, then find the value of S79 — Sge.

. The prize money at a raffle was given out as follows:
1 person received $100

1 person received $500
1 person received $1000

20 people received $5
10 people received $10
5 people received $20
2 people received $50

What is the difference between the mean cash prize and median cash prize?

. The surface area of a cube is 150 cm?. What is the volume of the cube?

. If you use the eight digits 1,2,3,4,5,6,7, and, 9 each once and only once to form
4 two-digit prime numbers, what will be the sum of the four prime numbers you
created?
A) 190 B) 253 C) 172

D) 235 E) None of

these

. If the ratio of the number of widgets X has to the number Z has is two to seven, and
their total number of widgets is 1908, how many more widgets does Z have than X?

A) 1050 B) 1060 C) 1484 D) 1030 E) None of

these

Team Name

TEAM TEST #2
Grades 7/8

(20 pts) 1. 14.5 pounds

(20 pts) 2. =
200 in?

(20 pts) 3.

(20 pts) 4. __ 0

(20 pts) 5. _$42.50

(20 pts) 6. 125 cm?

(20 pts) 7. A) 190



9.

10.

A rectangular solid (shoebox) has dimensions 4 high, 6 wide, and 7 deep. How long
is the diagonal through the interior of the solid?

A) V98 B) V102 C) V85 D) V101 E) None of

these

Two cars leave at the same time from the same starting point traveling “down and
back.” Car A goes 60 mph for 2 hours then returns on the same road going 40 mph.
At what constant speed, in mph, would car B need to travel to finish the course at
the same time as car A?

(20 pts) 8. B) 1060

(20 pts) 9. D) V101

(20 pts) 10. 48 mph



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are allowed. Student Name

. Each of the numbers 1, 5, 6, 7, 13, 14, 17, 22, and 26 is placed in a different spot
below. The numbers 13 and 17 are placed as shown. Joe calculates the average of
the numbers in the first three spots, the average of the numbers in the middle three
spots, and the average of the numbers in the last three spots. These three averages
are equal. What number is placed in the spot to the right of the 177

(2 pts) 1.

. A digital clock shows a time of 4:56. How many minutes will pass until the clock
next shows a time in which all of the digits are consecutive and are in increasing
order?

(3 pts) 2.

. Suppose that p and ¢ are two different prime numbers and that n = p?¢?> What is
the number of possible values of n with n < 10007

(3 pts) 3.

. On Monday, Jill traveled = miles at a constant speed of 90 mph. On Tuesday, she
traveled on the same route at a constant speed of 120 mph. Her trip on Tuesday
took 16 minutes less than her trip on Monday. What is the value of z?

(3 pts) 4.

. A rectangular prism has a volume of 12. A new prism is formed by doubling the
length, doubling the width, and tripling the height of the original prism. What is
volume of the new prism?

(3 pts) 5.

. In a survey, 100 students were asked if they liked dogs and if they liked cats. A
total of 68 students like dogs. A total of 53 like cats. A total of 6 like neither cats
nor dogs. How many of the 100 students like both cats and dogs?

(3 pts) 6.
. On a rectangular table 5 units long and 2 units wide, a ball is rolled from point P

at an angle of 45° to PQ and bounces off SR. The ball continues to bounce off the
sides at 45° until it reaches S. How many bounces of the ball are required?

P > Q

29 (3 ptS) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are allowed. Key Student Name

. Each of the numbers 1, 5, 6, 7, 13, 14, 17, 22, and 26 is placed in a different spot
below. The numbers 13 and 17 are placed as shown. Joe calculates the average of
the numbers in the first three spots, the average of the numbers in the middle three
spots, and the average of the numbers in the last three spots. These three averages
are equal. What number is placed in the spot to the right of the 177

(2 pts) 1. 7

. A digital clock shows a time of 4:56. How many minutes will pass until the clock
next shows a time in which all of the digits are consecutive and are in increasing
order?

(3 pts) 2. _ 458

. Suppose that p and ¢ are two different prime numbers and that n = p?¢?> What is
the number of possible values of n with n < 10007

(3 pts) 3. 7

. On Monday, Jill traveled = miles at a constant speed of 90 mph. On Tuesday, she
traveled on the same route at a constant speed of 120 mph. Her trip on Tuesday
took 16 minutes less than her trip on Monday. What is the value of z?

(3 pts) 4. 96

. A rectangular prism has a volume of 12. A new prism is formed by doubling the
length, doubling the width, and tripling the height of the original prism. What is
volume of the new prism?

(3 pts) 5. _ 144
. In a survey, 100 students were asked if they liked dogs and if they liked cats. A

total of 68 students like dogs. A total of 53 like cats. A total of 6 like neither cats
nor dogs. How many of the 100 students like both cats and dogs?

(3 pts) 6. 27

. On a rectangular table 5 units long and 2 units wide, a ball is rolled from point P
at an angle of 45° to PQ and bounces off SR. The ball continues to bounce off the
sides at 45° until it reaches S. How many bounces of the ball are required?

5

P Q
2
S R

(3pts) 7. 5



Grades Ao Todividoal Test #1

@ @
sl —> 12134
9 ,
R @—“ - — 7 hoo(s ¥ %% ninJes
Uqot 3% = HsS%

—_ — —

)+5+(a+7+l$’r\‘-\k\7 + 29 A=\l
Wo_ 27 9%\ 7 =7
z ” E) =12

L-w-H=1a

gL- AW - 3N

FRRRL
0D
a4




UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #2
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are NOT allowed. Student Name

1
. What is the sum of two roots of the equation 3 + 1% 17
x

(2 pts) 1.
. What is the last digit of 479 ?

(3 pts) 2.
.« — 1 divides 2kx? + kx + 1 where k is a constant. What is k ?

(3 pts) 3.
.If—2<2<3and -4<y<5,thena<az?+y<b Whatisa+b?

(3 pts) 4.
. If (a,a) is the point on the line y = = closest to the point (4,3), what is a ?

(3 pts) 5.

2a, + 3 .

. If a sequence {a,} converges to L and a1 = Gn + , what is L?

(3 pts) 6.
. If||x73\73| <3,thena<x<b Whatisa+0b7?

(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School

Calculators are NOT allowed. Key

1
. What is the sum of two roots of the equation 3 + 1% 17

. What is the last digit of 479 ?

. x — 1 divides 2kx? + kx + 1 where k is a constant. What is k ?
.If—2<2<3and -4<y<5,thena<a?+y<b Whatisa+b?

. If (a, a) is the point on the line y = x closest to the point (4,3), what is a ?

2a, + 3

T what is L?

. If a sequence {a,} converges to L and a1 =

. If||x—3\—3’§3,thena§x§b. What isa+b ?

INDIVIDUAL TEST #2
Grades 9/10

Team Name

Student Name

(2 pts) 1. 5
(3 pts) 2. 3
(3pts) 3. k=—%

(3 pts) 4. a+b=10

(3pts) 5. a=

[JEN)

(3pts) 6. L=

[\GI[9N)

(3pts) 7. a+b=6



Grades 9/10 Individual Test #2 w/o calculator (dh)

1.

1
What is the sum of two roots of the equation 3 + o r—17

(sol)
(x—=1)(xr—4)=1 = 22 -52+3=0

. What is the last digit of 479 ?

(sol)
479 = (47%)% . 47 =3 mod 10

x — 1 divides 2kz? + kx + 1 where k is a constant. What is k ?
(sol)

2kz? +kr+1=(z—1)(2kz +3k) +3k+1

If 2<2x<3and -4<y<5,thena<z?+y<b Whatisa+b?
(sol)
0<22<9 = —4<22+y<14

If (a,a) is the point on the line y = = closest to the point (4,3), what is a ?
(sol)
(a—4,a-3)-(1,1)=0 = 2a—7=0

2 3
If a sequence {a,} converges to L and a1 = On +

(sol)
2L+ 3

, what is L?

L= = 4L =2L+3

If|\x—3|—3|§3,thena§m§b. Whatisa+0b07?
(sol)
—3<|z-3|-3<3 = |7-3/<6 = 6<r3-3<6 = —-3<z<9

5

3

k=l

. a+b=10
a=1

=3

. a+b=6



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name

Calculators are allowed. Student Name

1
. The y-intercept of the line through (2,a) and (a, —7) with slope 3 is:

. If 22 — 2 + kx + 3 is divisible by x + 1, then it is also divisible by
(a) 2z—1 (b) 2242 (c) 2% —2z+3 (d) 2?2 +2z+1 (e) 2% -2z +1

. An urn is filled with coins and beads, all of which are either silver or gold. Twenty
percent of the objects in the urn are beads. Forty percent of the coins in the urn
are silver. What percent of the objects in the urn are gold coins?

. The circumference of a circle is 100 inches. The side of a square inscribed in this
circle, expressed in inches, is:

(a) 100v2/7 (b) 50v/2 (c) 100/7 (d) 50v/2/m (e) 25v/2/m

. The number of geese in a flock increases so that the difference between the popu-
lations in year n + 2 and year n is directly proportional to the population in year
n + 1. If the populations in the years 2014, 2015, and 2017 were 6, 45, and 117,
respectively, then what was the population in 20167

. A high school science club plans to rent a minivan for a weekend trip to visit a
science museum at a cost of $120. If they invite two nonmembers along, each
member can save $10 on his or her share of the cost. How many members are in
the science club?

. The graphs of y = —|z —a| + b and y = |z — ¢| + d intersect at points (2,5) and
(8,3). Find a + c.

INDIVIDUAL TEST #3

Grades 9/10

(2 pts) 1.

(3 pts) 2.

(3 pts) 3.

(3 pts) 4.

(3 pts) 5.

(3 pts) 6.

(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #3
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are allowed. Key Student Name

1
. The y-intercept of the line through (2, a) and (a, —7) with slope 3 is:
(2 pts) 1. -5

. If 23 — 22 + kx + 3 is divisible by x + 1, then it is also divisible by
(a) 2z—1 (b) 2242 (c) 2% —22+3 (d) 22 +2z+1 (e) 2% -2z +1

(3pts) 2. (c)
. An urn is filled with coins and beads, all of which are either silver or gold. Twenty

percent of the objects in the urn are beads. Forty percent of the coins in the urn
are silver. What percent of the objects in the urn are gold coins?

(3 pts) 3. 48

. The circumference of a circle is 100 inches. The side of a square inscribed in this
circle, expressed in inches, is:

(a) 100v2/7 (b) 50v/2 (c) 100/7 (d) 50v/2/m (e) 25v/2/m
(3pts) 4. (d)

. The number of geese in a flock increases so that the difference between the popu-
lations in year n + 2 and year n is directly proportional to the population in year
n + 1. If the populations in the years 2014, 2015, and 2017 were 6, 45, and 117,
respectively, then what was the population in 20167

(3 pts) 5. 60
. A high school science club plans to rent a minivan for a weekend trip to visit a
science museum at a cost of $120. If they invite two nonmembers along, each

member can save $10 on his or her share of the cost. How many members are in
the science club?

(3 pts) 6. 4
. The graphs of y = —|z —a| + b and y = |z — ¢| + d intersect at points (2,5) and
(8,3). Find a + c.

(3 pts) 7. 10



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #4
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are NOT allowed. Student Name

. Your car is currently 3 years old and is worth $10,000. Two years ago it was worth
$12,400. Assume the car’s value depreciates linearly with time. What will be the
value of the car in 5 years?

(2 pts) 1.

. Amtrak’s annual passenger revenue for the years 1990-2010 is given by the equation
R = —40|x — 11] 4+ 990 where R is the annual revenue in millions of dollars and
x is the number of years since January 1, 1990. In what years was the passenger
revenue $790 million?

(3 pts) 2.
. Real numbers a and b satisfy the equations 3¢ = 81°+2 and 125° = 5473, What is
ab?

(3 pts) 3.

. Students from Mrs. Pohl’s class are standing in a circle. They are evenly spaced
and consecutively numbered starting with 1. The student with number 3 is standing
directly across form the student with number 17. How many students are there in
Mrs. Pohl’s class?

(3 pts) 4.
. Alice and Bill are walking in opposite directions along the same route between A
and B. Alice is going from A to B, and Bill from B to A. They start at the same

time. They pass each other 3 hours later. Alice arrives at B 2.5 hours before Bill
arrives at A. How many hours does it take for Bill to go from B to A?

(3 pts) 5.
. You have two boxes. Each of them has a square base and is half as tall as it is wide.

If the larger box is two inches wider than the smaller box, and has a volume 244
in® greater, what is the width of the smaller box?

(3 pts) 6.

. In the triangle AABC, the point D lies on side BC. Also, AC = 3, AD = 3,
BD =8, and CD = 1. What is AB?

A

(3 pts) 7.

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #4
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are NOT allowed. Key Student Name

. Your car is currently 3 years old and is worth $10,000. Two years ago it was worth
$12,400. Assume the car’s value depreciates linearly with time. What will be the
value of the car in 5 years?

(2 pts) 1. _$4000

. Amtrak’s annual passenger revenue for the years 1990-2010 is given by the equation
R = —40|x — 11] 4+ 990 where R is the annual revenue in millions of dollars and
x is the number of years since January 1, 1990. In what years was the passenger
revenue $790 million?

(3 pts) 2. 1996 and 2006

. Real numbers a and b satisfy the equations 3¢ = 81°+2 and 125° = 5473, What is
ab?

(3 pts) 3. 60

. Students from Mrs. Pohl’s class are standing in a circle. They are evenly spaced
and consecutively numbered starting with 1. The student with number 3 is standing
directly across form the student with number 17. How many students are there in
Mrs. Pohl’s class?

(3 pts) 4. 28
. Alice and Bill are walking in opposite directions along the same route between A
and B. Alice is going from A to B, and Bill from B to A. They start at the same

time. They pass each other 3 hours later. Alice arrives at B 2.5 hours before Bill
arrives at A. How many hours does it take for Bill to go from B to A?

(3 pts) 5. 7.5 hours
. You have two boxes. Each of them has a square base and is half as tall as it is wide.

If the larger box is two inches wider than the smaller box, and has a volume 244
in® greater, what is the width of the smaller box?

(3pts) 6. _ 8in

. In the triangle AABC, the point D lies on side BC. Also, AC = 3, AD = 3,
BD =8, and CD = 1. What is AB?

A

(3 pts) 7. 9



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name

Calculators are allowed.

1 1 1 1 .
. If:c72+§+6+ﬂ+ﬁo+...,then:z:1sbetterknownas

a) T b) e c) p d) none of the previous choices

92 | 92-2\ 2
. Compute [22°.2. (22.2%)2 — ( +2 ) ]/22-

. Given a whole number construct a sequence as follows. If the number is even, divide
by 2; if it’s odd multiply by three and add 1. Apply the same method to the result
to get the next number. Stop if/when you reach 1. How many steps are required if
you start with 1127

. In the decimal expansion of 1/14 what is the value of the 30th digit to the right of
the decimal point?

. Find a positive integer m so that

14+2+3+---490=100+ 101 +--- + m.

. fo=0,fi=1and forn >2, f, = fn_1 + fa_2 find f4+ fo + fi6-

. Find a ten digit number which contains every digit 0,1,..., 9 exactly once, starts
with a 3 and is divisible by every whole number between 2 and 18.

. Starting with x¢g = 1, for n > 1 let x,, be the least non-negative remainder when
2 - xp_1 is divided by n 4 6. Find the smallest value of n for which z, = 0.

. Factor 11687 into primes.

TEAM TEST #1

Grades 9/10

(20 pts) 1.

(20 pts) 2.

(20 pts) 3.

(20 pts) 4.

(20 pts) 5.

(20 pts) 6.

(20 pts) 7.

(20 pts) 8.

(20 pts) 9.



7
10. If y = cos (172T>, then the value of y is

V2 -6 -V2-43

a) 1 b) 5 ¢) approximately —0.258819

d) all of the previous choices
(20 pts) 10.

TOTAL POINTS



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Key Team Name

Calculators are allowed.

1 1 1 1 .
. If:c72+§+6+ﬂ+ﬁo+...,then:z:1sbetterknownas

a) T b) e c) p d) none of the previous choices

92 | 92-2\ 2
. Compute [22°.2. (22.2%)2 — ( +2 ) ]/22-

. Given a whole number construct a sequence as follows. If the number is even, divide
by 2; if it’s odd multiply by three and add 1. Apply the same method to the result
to get the next number. Stop if/when you reach 1. How many steps are required if
you start with 1127

. In the decimal expansion of 1/14 what is the value of the 30th digit to the right of
the decimal point?

. Find a positive integer m so that

14+2+3+---490=100+ 101 +--- + m.

. fo=0,fi=1and forn >2, f, = fn_1 + fa_2 find f4+ fo + fi6-

. Find a ten digit number which contains every digit 0,1,..., 9 exactly once, starts
with a 3 and is divisible by every whole number between 2 and 18.

. Starting with x¢g = 1, for n > 1 let x,, be the least non-negative remainder when
2 - xp_1 is divided by n 4 6. Find the smallest value of n for which z, = 0.

. Factor 11687 into primes.

TEAM TEST #1
Grades 9/10

(20 pts) 1. __b.

(20 pts) 2. _ 2023

(20 pts) 3. 20

(20 pts) 4. 8

(20 pts) 5. __134

(20 pts) 6. _ 1024

(20 pts) 7. 3,785,942, 160

(20 pts) 8. 18

(20 pts) 9. 13-29.31



7
10. If y = cos (172T>, then the value of y is

2—-+6 —V2-+v3
a) % b) % ¢) approximately —0.258819
d) all of the previous choices

(20 pts) 10.



Solutions

1 1 1 1
1. fe=24+-+—-+—+-——+...,th i k
x +2+6+24+ 120+ , then z is better known as

a) b) e c) e d) none of the previous choices

The answer is b.

2

The answer is 2023 by straightforward calculation.

92 4 92-2\ 2
2. Compute 222-2-(22-22)2—< + > }/22.

3. Given a whole number construct a sequence as follows. If the number is even,
divide by 2; if it’s odd multiply by three and add 1. Apply the same method to
the result to get the next number. Stop if/when you reach 1. How many steps are
required if you start with 1127

112 — 56 — 28 — 14 — 7 — 22 — 11 — 34 — 17 — 52 — 26 —
13 —

40—20—10—5—16 —8 — 4 — 2 — 1. There are 20 arrows.

4. In the decimal expansion of 1/14 what is the value of the 30th digit to the right
of the decimal point?

The expansion starts 0.0714285714285.... Since the 6th digit is 8 and the cycle length
is 6, the answer is 8.

5. Find a positive integer m so that 1 +2+3+---4+90 = 100 4+ 101 + - - - + m.

The answer is m = 134 which can be seen by using Gauss’ formula for 1+243+...4+n
three times after adding 1 + 2+ ... + 99 to both sides.

6. It fo=0,f1 =1and forn > 2, fp, = fr—1+ fn—2 find fa + fo + fie.
Using the recursive formula one computes fq + fo + f16 = 3 + 34 + 987 = 1024

7. Find a ten digit number which contains every digit 0,1,..., 9 exactly once, starts
with a 3 and is divisible by every whole number between 2 and 18.

If y represents our number, y is divisible by 22-3%2-5-7-11-13-17 = 12,252, 240. So
y = 12,252, 240x, where 245 < x < 326 since 3,000,000,000 < y < 4,000,000, 000.
Trial and error leads to x = 309 and y = 3,785,942, 160.

8. Starting with x¢o = 1, for n > 1 let x,, be the least non-negative remainder when
2 - xp_1 is divided by n 4 6. Find the smallest value of n for which z, = 0.

One finds the sequence to be 1,2,4,8,6,1,2,4,8,1,2,4,8,16,12,3,6,12,0 son = 18.

9. Factor 11687 into primes.
The answer is 11687 = 13 - 29 - 31.



7
10. If y = cos (ﬂ>, then y is

12
Vo

2

a) @ b)

previous choices

¢) approximately —0.258819 d) all of the

The answer is d)



UND MATHEMATICS TRACK MEET TEAM TEST # 2
University of North Dakota Grades 9/10
December 19, 2023

School Team Name

Calculators are NOT allowed.

. A cube with edge length 8 feet was molded into a sphere. Find the diameter of the

sphere.
(20 pts) 1.
. Find the value of k if the graph of a linear function y = f(z) has slope m = 3 and
passes through the points (4,7) and (k, 1).
(20 pts) 2.
. The sum of the squares of two consecutive positive odd integers is 74. What is the
value of the larger integer?
(20 pts) 3.
. Find the length of the arc of a circle of radius 10 inches subtended by a central
angle of 50°.
(20 pts) 4.
. . L dr+ T .. 1
. Suppose the rational function f(z) is given by f(z) = SRR Find f~!(x).
x
(20 pts) 5.
. The London Eye is a huge Ferris wheel with a diameter of 135 meters (443 feet). It
completes one rotation every 30 minutes. Riders board from a platform 2 meters
above the ground. Express a rider’s height above ground as a function of time in
minutes after boarding.
(20 pts) 6.
. If the cost of a bat and a baseball combined is $1.10 and the ball costs $1.00 less
than the bat, how much is the ball?
(20 pts) 7.
. Let £; be the line segment whose endpoints lie at the top left and bottom right
corner of a square and let £ be the line segment whose endpoints are the bottom
left corner of the square and the center of the top side of the square. What fraction
of the area of the square is not occupied by the triangle formed from the point at
the intersection of /1 and ¢5 and the bottom two corners of the square?
(20 pts) 8.
. The square root of the value obtained by adding twelve to some positive number is
the same as the number itself. What is it?
(20 pts) 9.
. Suppose a town has a population of 1,000 in the year 1999, and suppose the pop-
ulation of the town grows at a constant rate of 125 per year. Find the equation
of the line that models the town’s population P as a function of ¢, where ¢ is the
number of years since the model began.
(20 pts) 10.

TOTAL POINTS



UND MATHEMATICS TRACK MEET TEAM TEST # 2
University of North Dakota Grades 9/10
December 19, 2023

School Key Team Name

Calculators are NOT allowed.

. A cube with edge length 8 feet was molded into a sphere. Find the diameter of the
sphere.

(20 pts) 1. 8¢/L

. Find the value of k if the graph of a linear function y = f(z) has slope m = 3 and
passes through the points (4,7) and (k, 1).

(20 pts) 2. _k=2

. The sum of the squares of two consecutive positive odd integers is 74. What is the
value of the larger integer?

(20 pts) 3. 7

. Find the length of the arc of a circle of radius 10 inches subtended by a central
angle of 50°.

25
(20 pts) 4. Tﬂ-inches

S5x 4+ 7
. Suppose the rational function f(z) is given by f(x) = 29; i i Find f~(z).

(20 pts) 5. f~1(x)

. The London Eye is a huge Ferris wheel with a diameter of 135 meters (443 feet). It
completes one rotation every 30 minutes. Riders board from a platform 2 meters
above the ground. Express a rider’s height above ground as a function of time in
minutes after boarding.

(20 pts) 6. h(t) = —67.5cos (F£)+69.5
or h(t) = —67.5sin (5 — 7t)+69.5
or h(t) = 67.5sin (&£t — 2)+69.5

. If the cost of a bat and a baseball combined is $1.10 and the ball costs $1.00 less
than the bat, how much is the ball?

(20 pts) 7. _ $0.05

. Let ¢1 be the line segment whose endpoints lie at the top left and bottom right
corner of a square and let ¢5 be the line segment whose endpoints are the bottom
left corner of the square and the center of the top side of the square. What fraction
of the area of the square is not occupied by the triangle formed from the point at
the intersection of /1 and ¢ and the bottom two corners of the square?

(20 pts) 8.

[SCII )

. The square root of the value obtained by adding twelve to some positive number is
the same as the number itself. What is it?

(20 pts) 9. 4



10. Suppose a town has a population of 1,000 in the year 1999, and suppose the pop-
ulation of the town grows at a constant rate of 125 per year. Find the equation
of the line that models the town’s population P as a function of ¢, where ¢ is the
number of years since the model began.

(20 pts) 10. P = 125¢+1,000



UND MATHEMATICS TRACK MEET TEAM TEST # 2
University of North Dakota Grades 9/10
December 19, 2023

Answer Key

1. A cube with edge length 8 feet was molded into a sphere. Find the diameter
of the sphere.
The volume of a cube with sides of length 8 is 82. The volume of a sphere with

. . L 3)(8*
radius r is %m“?’, 50 8% = %7?7“3, which is to say that r? = % and r = {/ 3%.

Since the diameter D of a sphere is related to the radius by D = 2r, we have
_93/384 _ g3/6
D=2{/== =8y~

2. Find the value of k if the graph of a linear function y = f(x) has slope m = 3
and passes through the points (4,7) and (k,1).
Using the point-slope form y —y; = m(z — x1) of a line with slope m passing
through a point (z1,y1), we can see that our line is given by the function

flz)=3(x—-4)+7.

So, since a point (a,b) is on the graph of y = f(x) if and only if f(a) = b, we
may determine the value of k by setting f(k) = 1 and solving for k. That is,
we obtain our final answer by carrying out the following computation:

3k—4)+7=1

3(k—4) = —6
k—4=-2
k=2

3. The sum of the squares of two consecutive positive odd integers is 74. What
is the value of the larger integer?
Every odd integer is of the form 2k 4 1 for some integer k£ > 0. So, the sum
of the squares of any two consecutive odd integers is of the form (2k + 1)% +
(2k + 3)? = 8k? + 16k + 10. If the value of this sum is to be 74, then we need
only solve 8k? + 16k + 10 = 74, which amounts to finding the roots of the
quadratic 8k% + 16k — 64 = 0, or (factoring out an 8) k% +2k —8 = 0. Via the
quadratic formula, this produces k = —4 or k = 2. Since we are looking for a
positive odd integer, we may conclude that k¥ = 2. Thus, the smaller integer
is 2(2) +1 =5 and the larger is 2(2) +3 = 7.

4. Find the length of the arc of a circle of radius 10 inches subtended by a central
angle of 50°.
In a circle of radius r, the length, s, of an arc subtended by an angle with
measure ¢ in radians is s = rf. So, we first convert 50° to radians:

o [ 7 radians om .
(50°) <180°> =15 radians.

Using this, we reach our answer with the following computation:

.
s = (10 inches) (i’g) = <290) 7 inches



5. Suppose the rational function f(z) is given by f(z) = 227, Find f~!().

2x+4"
Writing y = f(x), we have y = g;ii To find f~!(z), we interchange x and y
and solve for y:
5y + 7
€r =
2y +4

x(2y +4) =5y +7
20y +4x =5y + 7
20y —dy =7 —4x
(2 —5)y =7—4x

7 —A4x
T2 -5

Y

So, replacing y with f~1(x), we have found our inverse function: f~1(x) =
T—4x
2x—-5"

6. The London Eye is a huge Ferris wheel with a diameter of 135 meters (443
feet). It completes one rotation every 30 minutes. Riders board from a plat-
form 2 meters above the ground. Express a rider’s height above ground as a
function of time in minutes after boarding.

With a diameter of 135 meters, the wheel has a radius of 67.5 meters. The
height will oscillate with amplitude 67.5 meters above and below the center.
That is, A = 67.5.

Passengers board 2 meters above ground level, so the center of the wheel must
be located 67.5 + 2 = 69.5 meters above ground level. Thus, we can conclude
that the midline of the oscillation will be at 69.5 meters. That is, D = 69.5.

The wheel takes 30 minutes to complete 1 revolution, so the height will os-
cillate with a period of 30 minutes. Since P = %”, this yields that 30 = %.
Solving, this tells us that B = % = {k-

Lastly, because the rider boards at the lowest point, the height will start at
the smallest value and increase.

So, the riders height h (in meters) as function of ¢ (in minutes) is given by
any one of the following equivalent answers:

h(t) = —67.5 cos (%t) +69.5

i Vi
= —67.5sin (= — —t .
6755111(2 15)+695
. s i
= 67.5sin (1—5t — 5) + 69.5

7. If the cost of a bat and a baseball combined is $1.10 and the ball costs $1.00
less than the bat, how much is the ball?
Let  denote the cost of the bat and y denote the cost of the ball. We know
that z +y = $1.10 and z = y + $1.00. Combining the second equation with



the first, we produce

x+y=31.10

(y + $1.00) +y = $1.10
2y + $1.00 = $1.10

2y = $0.10

y = $0.05.

Therefore, the ball costs $0.05.

. Let ¢; be the line segment whose endpoints lie at the top left and bottom
right corner of a square and let ¢, be the line segment whose endpoints are
the bottom left corner of the square and the center of the top side of the square.
What fraction of the area of the square is not occupied by the triangle formed
from the point at the intersection of £ and /> and the bottom two corners of
the square?

Consider a square of side length 1 for simplicity, so that the area of the triangle
is the same as the proportion of the square’s area that it occupies. The triangle
formed is shaded in blue below:

b
£y

Notice that the height of the triangle and the triangle formed above it sum to
1, and that these two triangles are similar. Let i be the height of the larger
triangle, so that 1 — h is the height of the smaller. As the ratio of the height
to the base of similar triangles is the same, we then have

h 1-h
1 1/2
h=2-2h
2
h==.
3

So, the area of the triangle is £ (1)(h) = 3, which is also the proportion of the
area of any square a triangle formed in such a fashion will occupy. Hence, the
proportion of the square not occupied by the triangle is %

. The square root of the value obtained by adding twelve to some positive
number is the same as the number itself. What is it?



10.

Let x denote our sought value. Then, v + 12 = x, and we have
Ve+12 ==«

x4+ 12 =22
22—z —12=0

_ (=) £ V(D)2 - 4(1)(-12)

T

2(1)
11448
N 2
1+7
=g
r=4o0r —3

As the number is specified to be positive, we may conclude that it is 4.

Suppose a town has a population of 1,000 in the year 1999, and suppose the
population of the town grows at a constant rate of 125 per year. Find the
equation of the line that models the town’s population P as a function of ¢,
where ¢ is the number of years since the model began.

Since we are modeling the population of the town with a linear model, the
linear function we will produce will be of the form P = mt + b for some real
numbers m and b.

Since our model is linear, the rate of change of the population will be the
slope of the line used in our model. That is, since the population of the town
grows at a constant rate of 125 per year, m = 125.

Since the variable ¢ corresponds to the number of years since the model began,
it must be the case that 1,000 = m(0) +b = b. So, b must be the initial
population of the town, i.e. b = 1,000.

Combining these observations, we reach our final answer and may conclude
that our linear model is given by:

P =125t + 1, 000.



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 11/12
December 19, 2023

School Team Name

Calculators are allowed. Student Name

. Find the exact value of z satisfying log; /x = log z3and 0 <z <1

(2 pts) 1.
. Given that = and y are distinct nonzero real numbers such that
2 2
T+ =y+—
4 Y
what is the value of xy?
(A) (B) 5 (€)1 (D) 2 (E) 4
(3 pts) 2.
. What is the square root of the largest perfect square that divides 12! ?
(3 pts) 3.
. A wire is cut into two pieces, one of length a and the other of length b. The piece
of length a is bent to form an equilateral triangle, and the piece of length b is bent
to form a regular hexagon. The triangle and the hexagon have equal area. What is
Bl
V6 3v2
W1 ®mT @i D2 ®)
(3 pts) 4.
. The region in the first quadrant bounded by the line 3z + 2y = 7 and the coordinate
axes is rotated about the z-axis. Approximately, what is the volume of the resulting
solid?
(A) 8 units®  (B) 20 units®  (C) 30 units® (D) 90 units®  (E) 120 units?
(3 pts) 5.
. A flower bouquet contains pink roses, red roses, pink carnations, and red carnations.
One third of the pink flowers are roses, three fourths of the red flowers are carnations,
and six tenths of the flowers are pink. What percent of the flowers are carnations?
(A) 15 (B) 30 (C) 40 (D) 60 (E) 70
(3 pts) 6.
3
. Let A; be the area of a square with a side length of 1. For n > 2, A, = ZA"_L
Find the value of
A A5 Ay Ass Ag
Az A7 An Azs  Asg
Round your answer to two decimal places.
(3 pts) 7.

45
TOTAL POINTS
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School Team Name

Calculators are allowed. KEY Student Name

. Find the exact value of x satisfying logs v/z = log z3and 0 <z <1

. Given that = and y are distinct nonzero real numbers such that

2 2
T+ —=y+—
z Y

what is the value of xy?

(A) 3 (B) 3 (€)1 (D) 2 (E) 4

2

. What is the square root of the largest perfect square that divides 12! ?

. A wire is cut into two pieces, one of length a and the other of length b. The piece
of length a is bent to form an equilateral triangle, and the piece of length b is bent
to form a regular hexagon. The triangle and the hexagon have equal area. What is
i

3V2

(A) 1 (B) 5~ (€) V3 (D) 2 (E) =

. The region in the first quadrant bounded by the line 3z + 2y = 7 and the coordinate
axes is rotated about the z-axis. Approximately, what is the volume of the resulting
solid?

(A) 8 units®  (B) 20 units®  (C) 30 units® (D) 90 units®  (E) 120 units?

. A flower bouquet contains pink roses, red roses, pink carnations, and red carnations.
One third of the pink flowers are roses, three fourths of the red flowers are carnations,
and six tenths of the flowers are pink. What percent of the flowers are carnations?

(A) 15 (B) 30 (C) 40 (D) 60 (E) 70

3
. Let A; be the area of a square with a side length of 1. Forn > 2, A, = -A,,_1.

4
Find the value of
A1 A5 Ag A33 A37

As Ar An Azs  Asg
Round your answer to two decimal places.

INDIVIDUAL TEST #1

Grades 11/12

(2 pts) 1.

©|—

(3pts) 2. (D)2

(3 pts)3._2° - 32 .5 = 1440

S

(3 pts) 4. (B)

(3 pts)5. (C) 30 units®

(3 pts) 6. (E) 70

4\ 20
(3 pts)7. <3> /2 315.34

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #1
University of North Dakota Grades 11/12
December 19, 2023

School Team Name

Calculators are allowed. Solution Student Name

. Find the exact value of z satisfying logs v/ = log z3and 0 <z <1
(2 pts) 1.

@‘H

Solution 1logsz = 2log, 3 = (Inz)? = (2In3)> = z =9 or z = 1/9 Since
O<z<l,z=1/9.

. Given that = and y are distinct nonzero real numbers such that
2 2

T+ —=y+—
x Y

what is the value of zy?
(A) (B) 5 (€)1 (D) 2 (E) 4
(3pts) 2. (D)2

Solution Multiplying the given equation by xy # 0 yields 2%y +2y = 2y + 22 =
y(@—y)—2@—-y) =0 = (zy—-2)(z—y) =0 = ay =2

. What is the square root of the largest perfect square that divides 12! ?
(3 pts)3._2° - 32 .5 = 1440

Solution 12! = 219.35.52.7.11. The largest perfect square is 2'° - 3% . 52,

. A wire is cut into two pieces, one of length a and the other of length b. The piece
of length a is bent to form an equilateral triangle, and the piece of length b is bent

to form a regular hexagon. The triangle and the hexagon have equal area. What is

a9
27

33

w1 ®mY OV o2 B

|G

(3 pts) 4. (B)

Solution The side length of the triangle is a/3 and the side length of the hexagon
is /6. The hexagon can be subdivided into 6 equilateral triangles by drawing
segments from the center of the hexagon to each vertex. The area of the triangle is

% (%) (%@) The area of the hexagon is 6 - % (%) (%@) Because the areas of the

triangle and hexagon are equal, we get % = %. Thus § = §

. The region in the first quadrant bounded by the line 3z + 2y = 7 and the coordinate
axes is rotated about the z-axis. Approximately, what is the volume of the resulting
solid?

(A) 8 units®  (B) 20 units®  (C) 30 units® (D) 90 units®  (E) 120 units?
(3 pts)5. (C) 30 units?



Solution The line 3z + 2y = 7 has z-intercept 7/3 and y-intercept 7/2. The part
of this line that lies in the first quadrant forms a triangle with the coordinate axes.
Rotating this triangle about the z-axis produces a cone with radius 7/2 and height

7/3. The volume of this cone is 37 (%)2 (1) =~ 30.

. A flower bouquet contains pink roses, red roses, pink carnations, and red carnations.
One third of the pink flowers are roses, three fourths of the red flowers are carnations,
and six tenths of the flowers are pink. What percent of the flowers are carnations?

(A) 15 (B) 30 (C) 40 (D) 60 (E) 70
(3 pts) 6. (E) 70

Solution Because six tenths of the flowers are pink and two thirds of the pink

flowers are carnations, % . % = % of the flowers are pink carnations. Because four
tenths of the flowers are red and three fourths of the red flowers are carnations,

% . % = 1% of the flowers are red carnations. Therefore, % + 1‘3—0 = % = 70% of the
flowers are carnations.

3
. Let A; be the area of a square with a side length of 1. For n > 2, A, = ZAn_l.

Find the value of
A As A Ass  Asy

A3 Ar A Ay Ay

Round your answer to two decimal places.

4\ 20
(3 pts)7. (3) ~ 315.34

Solution =% = 21 .22 —
Ol.llOIlj43 A2 A3

A A A 4\*
L 2 (3) . Similarly, each fraction in the expression is

4\ 2 4\ 20
(3) , and there are 10 fractions, thus the given expression is (3) ~ 315.34

TOTAL POINTS



UND MATHEMATICS TRACK MEET INDIVIDUAL TEST #2
University of North Dakota Grades 11/12
December 19, 2023

School Team Name

Calculators are NOT allowed. Student Name

. Consider two identical beakers, beaker A and beaker B. Beaker B is full of liquid and
beaker A is empty. A scientist pours one third of the liquid from beaker B into beaker
A. She then pours one fourth of the liquid in beaker A back into beaker B. Finally,
she pours half of the liquid in beaker B back into beaker A. After this process, what
fraction of the liquid is in beaker A7

(a) 5/8 (b) 2/3 (c) 5/6 (d) 7/8 (e) none of these
(2 pts) 1.
. Suppose 7,8 > 0. A disk of radius r cm is cut into nine pieces and a second disk of

radius (r+ s) cm is cut into sixteen pieces. If each of the twenty-five pieces has equal
area, then r/s is

(a) 1/3 (b) 3/4 (c) 4/3 (d) 3 (e) none of these
(3 pts) 2.

. For how many integers n does the equation 2 + nx + 10 = 0 have integer solutions?

(a) 0 (b) 1 (c) 2 (d)3 (e) 4
(3 pts) 3.
. A square ABCD with side 1 is given in the plan. How many points P in the plane

of the square satisfy
PA+ PC + PB+ PD =2V2?

(a) 0 (b) 1 (c) 2 (d) 3 (e) infinitely many
(3 pts) 4.
. Evan’s living room has twice as much area as Victoria’s, and three times as much

area as Kyle’s. Kyle mops floors half as fast as Victoria and one third as fast as Evan.
If they all start mopping their floor at the same time, who will finish mopping first?

(a) Evan  (b) Victoria  (c¢) Kyle and Evan tie for first
(d) Victoria and Kyle tie for first (e) none of these
(3 pts) 5.

. Let p(z) = 32* + az? + b where a, b are real numbers. Suppose that p(x) has exactly
three distinct real roots r,s and ¢ with » < s < ¢t. Which one of the following
statements must be true?
(@)r+t=0 (b) s+t=0 (¢c)rt>0 (dr+s>0 (e) none of these
(3 pts) 6.
. What is the number of integers m, with 1 < m < 300, for which m™ is a perfect
cube?
(a) 100 (b) 101 (c) 103 (d) 104 (e) 106
(3 pts) 7.

TOTAL POINTS
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School Team Name

Calculators are NOT allowed. Key Student Name

. Consider two identical beakers, beaker A and beaker B. Beaker B is full of liquid and
beaker A is empty. A scientist pours one third of the liquid from beaker B into beaker
A. She then pours one fourth of the liquid in beaker A back into beaker B. Finally,
she pours half of the liquid in beaker B back into beaker A. After this process, what
fraction of the liquid is in beaker A7

(a) 5/8 (b) 2/3 (c) 5/6 (d) 7/8 (e) none of these
(2 pts) 1. A
. Suppose 7,8 > 0. A disk of radius r cm is cut into nine pieces and a second disk of

radius (r+ s) cm is cut into sixteen pieces. If each of the twenty-five pieces has equal
area, then r/s is

(a) 1/3 (b) 3/4 (c) 4/3 (d) 3 (e) none of these
(3 pts) 2. D

. For how many integers n does the equation 2 + nx + 10 = 0 have integer solutions?

(a) 0 (b) 1 (c) 2 (d)3 (e) 4
(3 pts) 3. E
. A square ABCD with side 1 is given in the plan. How many points P in the plane

of the square satisfy
PA+ PC + PB+ PD =2V2?

(a) 0 (b) 1 (c) 2 (d) 3 (e) infinitely many
(3 pts) 4. B
. Evan’s living room has twice as much area as Victoria’s, and three times as much

area as Kyle’s. Kyle mops floors half as fast as Victoria and one third as fast as Evan.
If they all start mopping their floor at the same time, who will finish mopping first?

(a) Evan  (b) Victoria  (c¢) Kyle and Evan tie for first
(d) Victoria and Kyle tie for first (e) none of these
(3 pts) 5. B

. Let p(z) = 32* + az? + b where a, b are real numbers. Suppose that p(x) has exactly
three distinct real roots r,s and ¢ with » < s < ¢t. Which one of the following
statements must be true?
(@)r+t=0 (b) s+t=0 (¢c)rt>0 (dr+s>0 (e) none of these
(3 pts) 6. A
. What is the number of integers m, with 1 < m < 300, for which m™ is a perfect
cube?
(a) 100 (b) 101 (c) 103 (d) 104 (e) 106
(3 pts) 7. D

TOTAL POINTS
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School Team Name

Calculators are NOT allowed. Solutions Student Name

. Consider two identical beakers, beaker A and beaker B. Beaker B is full of liquid and
beaker A is empty. A scientist pours one third of the liquid from beaker B into beaker
A. She then pours one fourth of the liquid in beaker A back into beaker B. Finally,
she pours half of the liquid in beaker B back into beaker A. After this process, what
fraction of the liquid is in beaker A?

(a) 5/8 (b) 2/3 (c) 5/6 (d) 7/8 (e) none of these

Solution: If ¢ denotes the amount of liquid in B, then after the first step, the amount
of liquid in A is %K while in B is (1 — %) (= %K. After the second step, the amount

of liquid in A is (% — %) (= i( and in B is (% + %) (= %f. Finally, after the third

step, the amount of liquid in A will be (ig) L= %E. The answer is (A).
8

. Suppose 7,8 > 0. A disk of radius r c¢m is cut into nine pieces and a second disk of
radius (r + s) cm is cut into sixteen pieces. If each of the twenty-five pieces has equal
area, then r/s is

(a) 1/3 (b) 3/4 (c)4/3 (d) 3 (e) none of these

ar? _ w(rts)?

Solution: We have = =4 giving 4r = £3(r + 5). Since r,s > 0, it must be
that 4r = 3(r + s) implying that » = 3s. Thus, r/s = 3. The answer is (D).

. For how many integers n does the equation 2 + nx + 10 = 0 have integer solutions?

(a) O (b) 1 (c) 2 (d) 3 () 4

Solution: The product of the solutions must be 10, which means that the solutions
must be

{%£(1,10),£(2,5)}. This leads to n = £11,£7. The answer is (E).

. A square ABC'D with side 1 is given in the plan. How many points P in the plane
of the square satisfy
PA+ PC + PB+ PD =2V2?

(a) 0 (b) 1 (c) 2 (d) 3 (e) infinitely many

Solution: We have PA + PC > AC, PB + PD > BD and the equality in both
inequalities is obtained when P is on AC and BD. i.e.,P is the intersection of the
diagonals of the square. Therefore.

22 =PA+ PC+ PB+ PD > AC + BD = 2V2

Hence, PA+ PC+ PB+ PD = AC + BD. Thus, P is the center of the square. The
answer is (B).

INDIVIDUAL TEST #2
Grades 11/12

(2 pts) 1. A
(3 pts) 2. D
(3 pts) 3. E
(3 pts) 4. B



5. Evan’s living room has twice as much area as Victoria’s, and three times as much
area as Kyle’s. Kyle mops floors half as fast as Victoria and one third as fast as Evan.
If they all start mopping their floor at the same time, who will finish mopping first?

(a) Evan  (b) Victoria  (c¢) Kyle and Evan tie for first
(d) Victoria and Kyle tie for first (e) none of these

(3 pts) 5.

Solution: If ¢ denotes Evan’s living room area, then Victoria’s living room area is
5 and Kyle’s living room area is 5. If v denotes Evan’s;nopping speed, then Kyle’s
v v

mopping speed is 5 and Victoria’s mopping speed is <. We conclude that Evan

mops the floor in £ units of time, which is equal to Kyle’s time, while Victoria mops

the floor in i—g units of time. Therefore, Victoria will be the first person who finishes

mopping. Therefore, the answer is (B).

6. Let p(x) = 32* + ax? + b where a, b are real numbers. Suppose that p(z) has exactly
three distinct real roots r,s and ¢t with r < s < t. Which one of the following
statements must be true?

(a) r+t=0 (b) s+t=0 (¢)rt>0 dr+s>0 (e) none of these
(3 pts) 6.
Solution: Observe that if k is a root of p(x) then p(—k) = p(k), implying that —k

is also a root of p(x). Thus we have r = —t and s = 0 and so r < 0 < t. This implies
that s+t >0, rt <0, r+ s <0 and r +¢ = 0. The answer is (A).

7. What is the number of integers m, with 1 < m < 300, for which m™ is a perfect
cube?

(a) 100 (b) 101 (c) 103 (d) 104 (e) 106

(3 pts) 7.
Solution: If m = 3k then m™ = (mk)g7 hence m™ is a perfect cube. If m = 3k 41,
then m™ = (mk)3 m which is a perfect cube if m is a perfect cube. If m = 3k + 2,

then m™ = (mk)S m?, which is a perfect cube if m is a perfect cube. Between 1 and
300 there are 100 multiples of 3, and four numbers of the form 3k + 1 or 3k + 2 which
are perfect cubes (1,8 = 23,64 = 43 and 125 = 53). Therefore there are 104 integers
m having the desired properties. The answer is (D).



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name

Calculators are allowed. Student Name

. In a baseball conference with 8 teams, how many games must be played so that
each team plays every other team exactly once?

. Suppose there are many socks of 4 different colors in a box: red, black, blue and
yellow. Socks are randomly picked from the box one by one. What is the minimum
number of socks that need to be picked from the box before 3 pairs of socks can be
guaranteed? The pairs do not need to match each other, but socks within a pair
must match.

. Two different positive numbers x and y each differ from their reciprocals by 1. What
is the sum of x and y ?

. David drives from his home to the airport to catch a flight. He drives 35 miles in
the first hour, but realizes that he will be 1 hour late if he continues at this speed.
He increases his speed by 15 miles per hour for the rest of the way to the airport
and arrives 30 minutes early. How many miles is the airport from his home?

. Compute the sum of all roots of (4x 4+ 5)(x —6) + (z — 3)(4x +5) =0

. What is the largest prime number that divides 2023 ?

. The largest circle in the figure has radius one. Seven circles are arranged in the
largest circle such that the innermost circle is tangent to the six circles that surround
it, and each of those circles is tangent to the large circle and to its small-circle
neighbors. Find the area of the shaded region. Use m = 3.14 and round your
answer to three decimal places.

INDIVIDUAL TEST #3

Grades 11/12

(2 pts) 1.

(3 pts) 2.

(3 pts) 3.

(3 pts) 4.

(3 pts) 5.

(3 pts) 6.

(3 pts) 7.

TOTAL POINTS
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Calculators are allowed. Key

. In a baseball conference with 8 teams, how many games must be played so that
each team plays every other team exactly once?

. Suppose there are many socks of 4 different colors in a box: red, black, blue and
yellow. Socks are randomly picked from the box one by one. What is the minimum
number of socks that need to be picked from the box before 3 pairs of socks can be
guaranteed? The pairs do not need to match each other, but socks within a pair
must match.

. Two different positive numbers x and y each differ from their reciprocals by 1. What
is the sum of x and y ?

. David drives from his home to the airport to catch a flight. He drives 35 miles in
the first hour, but realizes that he will be 1 hour late if he continues at this speed.
He increases his speed by 15 miles per hour for the rest of the way to the airport
and arrives 30 minutes early. How many miles is the airport from his home?

. Compute the sum of all roots of (4x 4+ 5)(x —6) + (z — 3)(4x +5) =0

. What is the largest prime number that divides 2023 ?

. The largest circle in the figure has radius one. Seven circles are arranged in the
largest circle such that the innermost circle is tangent to the six circles that surround
it, and each of those circles is tangent to the large circle and to its small-circle
neighbors. Find the area of the shaded region. Use m = 3.14 and round your
answer to three decimal places.

Team Name

Student Name

INDIVIDUAL TEST #3
Grades 11/12

(3 pts) 1. 28

(2 pts) 2. 9

(3 pts) 3. v/5 or 2.236

(3 pts) 4. __210
13
(3 pts) 5. 7o 3.25
(3 pts) 6. 17
(3 pts) 7. _ 0.698
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School Name

CALCULATORS ARE NOT ALLOWED.

1. Let z = \/2 + \/2 +1/2+V2+ V2. Which of the following is true?

(a) z <2 (b) x=2 (c) x>2

(2 pts)1.
2. If (x — 1) is a factor of the polynomial P(z) = 27 — 4z + 223 + 322 + ax — 8, find a.
(3 pts)2.
9&
3. Suppose that a and b are integers with 2a — 3b = 2. Find: o7
(3 pts)3.
4. Sally and Bob play the following game: Four fair coins are flipped. If exactly one
of them comes up heads Bob wins. If exactly 1 of them comes up tails Bob wins.
In all other cases Sally wins. What is the probability that Sally wiins?
(3 pts)4.
5. In the picture below asume that A, B, and C are collinear, AABD is equilateral,
and that AB = BC = 1. What is CD?
D
A B C
(3 pts)5.
. e . 1
6. Find z if z is positive and ————— = =.
z+1 T o4
(3 pts)6.
7. In the picture below DAGHB and DACDF are rectangles and C, G, and E are
collinear. If AF = AB =2 and BC =1, what is EG?
C D
E H
B
A F G
(3 pts)7.

Total Points



UND Mathematics Track Meet INDIVIDUAL TEST #4
University of North Dakota Grades 11/12
December 19, 2023

School Name

CALCULATORS ARE NOT ALLOWED.

1. Let z = \/2 + \/2 +1/2 4+ V2 + V2. Which of the following is true?

(a) z <2 (b) z=2 (c)z>2

(2 pts)1. a
2. If (x — 1) is a factor of the polynomial P(z) = 27 — 4z* + 223 + 322 + az — 8, find a.

(3 pts)2. 6
3. Suppose that a and b are integers with 2a — 3b = 2. Find: 29—7b

(3 pts)3. 9

4. Sally and Bob play the following game: Four fair coins are flipped. If exactly one
of them comes up heads Bob wins. If exactly 1 of them comes up tails Bob wins.
In all other cases Sally wins. What is the probability that Sally wiins?

(3 pts)4. 50% or 1/2

5. In the picture below asume that A, B, and C are collinear, AABD is equilateral,
and that AB = BC = 1. What is CD?

D
A B C
(3 pts)5. V3
. e . 1
6. Find x if 2 is positive and ————— = =.
o+l T atd
(3 pts)6. 2

7. In the picture below DJAGHB and OACDF are rectangles and C, G, and E are
collinear. If AFF = AB =2 and BC =1, what is EG?

C D

E H
B
A F G

(3 pts)T. 2v/5



UND Mathematics Track Meet
University of North Dakota
December 19, 2023

School

CALCULATORS ARE NOT ALLOWED.

. Let z = \/ 2+ \/ 2+ 1/2 4 V2 4+ V2. Which of the following is true?

(a) z <2 (b) x=2 (c) x>2

Since V2 < 2,24 V2 <4 and V2 + V2 < 2. We can repeat this kind of reasoning
3 more times to find that \/2+\/2+\/2+\/2+\/§<2.

. If (x — 1) is a factor of the polynomial P(z) = 27 — 4z* 4+ 223 + 322 4+ ax — 8, find a.
If x — 1 is a factor of P(x), then P(1) =0. So:

Pl)=1-4424+34+a—-8=0
a=06

a

9
. Suppose that a and b are integers with 2a — 3b = 2. Find: o7
9¢ 3% 2a—3b 2

. Sally and Bob play the following game: Four fair coins are flipped. If exactly one
of them comes up heads Bob wins. If exactly 1 of them comes up tails Bob wins.
In all other cases Sally wins. What is the probability that Sally wiins?

There are 2* = 16 outcomes when flipping 4 coins. Of these there are 4 outcomes
with exactly 1 head and 4 with exactly 1 tail. The other 8 outcomes result in a win
for Sally, so her probability of winning is 8/16 = 1/2. Note: also accept 50% or 0.5,
etc.

. In the picture below asume that A, B, and C are collinear, AABD is equilateral,
and that AB = BC = 1. What is CD?

D

AN

A B C

The conditions imply that angle ZADC' is a right angle since it is inscribed in a
semicircle. Now AD = 1 and AC = 2, so CD = /22 — 12 = /3 by the Pythagorean
Theorem.

INDIVIDUAL TEST #4

Name

Grades 11/12




1

6. Find x if 2 is positive and —; — =z
o+1 T z4a
T ! = multiply the left side by w
a1t o (x4 1)(x+4)
(x4 1)(x+4)

(z+4)+(x+1)

22 + 5z +4 -

204+5

2+ 5 +4 =222+ 5z
22 =4

Since z > 0 we must have ¢ = 2.

7. In the picture below JAGHB and DACDF are rectangles and C, G, and E are
collinear. If AF = AB =2 and BC =1, what is EG?

C D

E H
B
A F G

Note that ABCE and AFEG are similar. Since EF = 2BC, it follows that
EG = 2CE. The Pythagorean Theorem implies that CE = /12 +22 = /5, so
EG =2/5.



UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

School Team Name

Calculators are allowed.

. A rectangular garden is 75 feet long and 32 feet wide. Find the area of the garden.
Express your answer in square feet.

. The wheels of a car are exactly 2 feet in diameter. As the car travels, the wheels of
the car rotate at the rate of 8 revolutions per second. How fast is the car traveling?
Express your answer in feet per second, and round your answer to two decimal
places. You may assume that 7 = 3.14159.

. The volume of a certain sphere is exactly 75 cubic inches. Find the radius of the
sphere. Express your answer in inches, and round your answer to two decimal
places. You may assume that = = 3.14159.

. A deck of 52 cards has exactly 12 “face cards,” i.e. cards with a king, queen, or
jack. Suppose you randomly select three cards from the deck. Find the probability
that none of the selected cards is a face card. Round your answer to three decimal
places.

. Mrs. Lopez plans to invest a total of $50,000 in two different types of bonds: bonds
of type A and bonds of type B. Bonds of type A return a dividend of 4% per year,
and bonds of type B return a dividend of 7% per year. For example, if Mrs. Lopez
invests $40,000 in bonds of type A and $10,000 in bonds of type B, then the bonds
will return a total dividend of $40,000 x 0.04 + $10,000 x 0.07 = $2,300 per year.
How much money should Mrs. Lopez invest in each type of bond if the bonds are
to return a total dividend of $3,000 per year? Round your answers to the nearest
cent.

. Mrs. Redfeather is designing a box. The top, the bottom, and the sides of the box
are to be rectangles, but these rectangles are not necessarily of the same size. The
dimensions of the box are to be x inches by 10 — 2z inches by 7 — 2z inches. Here
z is a number which Mrs. Redfeather has not yet determined. Find the value of z
which will result in the box with the largest possible volume. Round your answer
to two decimal places. Hint: All three dimensions must be positive real numbers.

. Let distinct real numbers a, b, and ¢ be given. Suppose that a certain polynomial
p(z) has real coefficients, and suppose that when p(x) is divided by x —a, x — b, and
x — ¢, it leaves remainders a, b, and ¢, respectively. What is the remainder when
p(zx) is divided by (z — a)(z — b)(x — ¢)?

TEAM TEST #1

Grades 11/12

(20 pts) 1.

(20 pts) 2.

(20 pts) 3.

(20 pts) 4.

(20 pts) 5.

(20 pts) 6.

(20 pts) 7.



8.

10.

What is the smallest positive integer n for which 136™ will have more than 1000
digits?

Suppose that p(x) is a polynomial of degree 2 such that p(1) = 1, p(2) = %, and
p(3) = 3. Find p(4).

Consider a group of 6 people. Each of the six people knows exactly one piece of
information, and all 6 pieces of information are different. Every time person “A”
calls person “B” on the telephone, “A” tells “B” everything he or she knows, while
“B” tells “A” nothing. What is the minimum number of telephone calls between
pairs of people needed for everyone to know everything?

TOTAL POINTS

(20 pts) 8.

(20 pts) 9.

(20 pts) 10.
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UND MATHEMATICS TRACK MEET
University of North Dakota
December 19, 2023

TEAM TEST #1
Grades 11/12

School Team Name’

Calculators are allowed.

. A rectangular garden is 75 feet long and 32 feet wide. Find the area of the garden.

Express your answer in square feet.

. The wheels of a car are exactly 2 feet in diameter. As the car travels, the wheels of

the car rotate at the rate of 8 revolutions per second. How fast is the car traveling?
Express your answer in feet per second, and round your answer to two decimal
places. You may assume that m = 3.14159.

. The volume of a certain sphere is exactly 75 cubic inches. Find the radius of the

sphere. Express your answer in inches, and round your answer to two decimal
places. You may assume that = = 3.14159.

. A deck of 52 cards has exactly 12 “face cards,” i.e. cards with a king, queen, or

jack. Suppose you randomly select three cards from the deck. Find the probability
that none of the selected cards is a face card. Round your answer to three decimal
places.

. Mrs. Lopez plans to invest a total of $50,000 in two different types of bonds: bonds

of type A and bonds of type B. Bonds of type A return a dividend of 4% per year,
and bonds of type B return a dividend of 7% per year. For example, if Mrs. Lopez
invests $40,000 in bonds of type A and $10,000 in bonds of type B, then the bonds
will return a total dividend of $40,000 x 0.04 + $10,000 x 0.07 = $2,300 per year.
How much money should Mrs. Lopez invest in each type of bond if the bonds are
to return a total dividend of $3,000 per year? Round your answers to the nearest
cent.

. Mrs. Redfeather is designing a box. The top, the bottom, and the sides of the box

are to be rectangles, but these rectangles are not necessarily of the same size. The
dimensions of the box are to be x inches by 10 — 2z inches by 7 — 2z inches. Here
z is a number which Mrs. Redfeather has not yet determined. Find the value of z
which will result in the box with the largest possible volume. Round your answer
to two decimal places. Hint: All three dimensions must be positive real numbers.

. Let distinct real numbers a, b, and ¢ be given. Suppose that a certain polynomial

p(z) has real coefficients, and suppose that when p(z) is divided by z —a, = ~b, and

z — ¢, it leaves remainders a, b, and ¢, respectively. What is the remainder when -

p(z) is divided by (z — a)(z — b)(z — ¢)?

(20 pts) 1

50,27 £4/coc
(20 pts) 2. S‘— /sec

(20 pts) 3. 262 incheg

(20 pts) 4. __O’i7

$ 16,666.67
1ype A,
4 53%,333.33
type B,

(20 pts) 5.

(20 pts) 6. Lg_;_

The polNrom val

r Cx) =
(20 pts) 7. —° )

or O'Ué‘f ><

2400 Square {eet,



8.

10.

Answey ITe

What is the smallest positive integer n for which 136" will have more than 1000
digits?

Suppose that p(z) is a polynomial of degree 2 such that p(1) = 1, p(2) = %, and
p(3) = §. Find p(4).

Consider a group of 6 people. Each of the six people knows exactly one piece of
information, and all 6 pieces of information are different. Every time person “A”
calls person “B” on the telephone, “A” tells “B” everything he or she knows, while
“B” tells “A” nothing. What is the minimum number of telephone calls between
pairs of people needed for everyone to know everything?

N 469 or
(20 pts) 8. _ 21>
Jost 469
l.
(20 pts) 9. =
20 pis) 10, 1O Calls o p jest

|0

TOTAL POINTS
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UND MATHEMATICS TRACK MEET TEAM TEST #2
University of North Dakota Grades 11/12
December 19, 2023

School Team Name

Calculators are NOT allowed.

. Recall 2 = —1. Simplify i + i% + 3 + 44 4+ - - - 4+ i2°23 as much as possible.

(20 pts) 1.
. What is the period of y = cos (227#)7
(20 pts) 2.
. Determine the diameter of the circle given by 42 — 24z + 4y? — 16y = 48.
(20 pts) 3.
. In terms of log z, find the average of log z, log 22, log 23, log z*, and log z°.
(20 pts) 4.
. Find the proportion of a circle’s area which lies closer to its center than its boundary.
(20 pts) 5.
. Two bracelets are considered the same design if one can be flipped and rotated to
match the other. If a bracelet is made using 6 different charms, how many possible
designs are there for the bracelet?
(20 pts) 6.
. Let R be the rectangle bounded by the z-axis, y-axis, and lines y = 2 and z = 3.
What is the probability that a randomly point (z,y) € R satisfies 1 < z 4+ y < 37
(20 pts) 7.
. Assume today is Tuesday. What day of the week will it be in 2023 days?
(20 pts) 8.
. In the form y = mx + b, find the equation of line passing through (73,72) and
perpendicular to y = Jx + 7°.
(20 pts) 9.
. Traffic lights on a certain road are red with probability % What is the proba-
bility that none of the next three traffic lights are red? Assume traffic lights are
independent.
(20 pts) 10.

TOTAL POINTS



10.

UND MATHEMATICS TRACK MEET TEAM TEST #2
University of North Dakota Grades 11/12
December 19, 2023

School Key Team Name

Calculators are NOT allowed.

. Recall 2 = —1. Simplify i + i% + i +4i* 4+ - - - 4+ 72923 as much as possible.

(20 pts) 1. -1

. What is the period of y = cos (222}£)?

7'r3
(20 pts) 2. 27

Determine the diameter of the circle given by 4x? — 24z + 4y? — 16y = 48.
(20 pts) 3. 10

. In terms of log z, find the average of log z, log 22, log 23, log z*, and log z°.

(20 pts) 4. 3logx

Find the proportion of a circle’s area which lies closer to its center than its boundary.
1
(20 pts) 5. 7 or 0.25

Two bracelets are considered the same design if one can be flipped and rotated to
match the other. If a bracelet is made using 6 different charms, how many possible
designs are there for the bracelet?

(20 pts) 6. 60
Let R be the rectangle bounded by the z-axis, y-axis, and lines y = 2 and = = 3.
What is the probability that a randomly point (x,y) € R satisfies 1 <z +y < 37

7
(20 pts) 7. i3

Assume today is Tuesday. What day of the week will it be in 2023 days?
(20 pts) 8. Tuesday

In the form y = ma + b, find the equation of line passing through (72, 72) and
perpendicular to y = Sz + 3.

(20 pts) 9. y = —2a+3n?

Traffic lights on a certain road are red with probability % What is the proba-
bility that none of the next three traffic lights are red? Assume traffic lights are
independent.

(20 pts) 10. 2L or 0.216



Math Track Meet 2023
Team Test #2

Grades 11/12
Solutions

1. The key observation is that four consecutive powers of i sums to 0. For example, i + i + i +
i=i—1—i+1=0. Thus

G q2 4 g gL g 2023 2020 4 2022 | 2023 g

2. The period P of y = cos(Bx) is P = %’r. It follows that the period of y = cos (20:%) is
p— _2rn _ 2n°
= 2023/7% T 2023°

3. Observe

42% — 24z + 4y? — 16y = 48
22 — 6z + 9% — 4y 12
(x -3+ (y—2)? = 124+9+4=25

Thus the radius of the circle is 7 = v/25 = 5 and so the diameter is d = 2r = 2(5) = 10.

4. The average is

logz + logz? + loga® + logz? + loga®  log(z-a? 232t 2%) log(z'®) 15logz
5 B 5 5 5

= 3logz.

5. For a circle with radius r, points with distance less than r/2 from the center lie closer to
the center than its boundary. So, the proportion of a circle’s area closer to its center than its

boundary is ﬂ;iﬁ)z = % or 0.25.

6. There are 5! ways to order 6 different charms. Each bracelet can be paired with its flipped

. . . | .
version, so this gives 2 = 120 — 60 designs.

2T T2 T

7. Let A be the region of R which satisfies 1 < x + y < 3 as depicted below.

& Q)

The area of R is 2(3) = 6. The area of A is 6 — $1(1) — $2(2) = 6 —

3 —2= % It follows that
the desired probability is

N[

AreaofAiﬂi 7

Areaof R 6 12
8. Since 2023 = (289)(7), it follows that in 2023 days will be Tuesday.



9. Lines perpendicular to y = fx + 73 have slope —% and form y = —%x + b. Fitting to the
point (73, 72), we see that b = 72 + 2(7%) = 7% + 272 = 372, Thus the equation of the desired
line is y = —%x + 32,

10. The probability a traffic light not being red is 1 — % = % Since the lights are independent,
use the product rule for probability to conclude that the probability of no red lights in three
traffic lights is g . % : g = 12775 = 0.216.
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